Abstract. We derive the Fokker-Planck operator describing a highly forward peaked scattering process in the linear transport equation, in anisotropic media, as a formal asymptotic limit of the exact integral operator. The resulting operator, being both convective and di usive in angle and energy variables, reduces the degenerate nature of the Fokker-Planck system compared to the isotropic media case where the corresponding limit is only convective in energy and di usive in angle.
Introduction
The particle ow through a background medium is described by a linear transport equation in phase space viz: associated with appropriate initial and boundary conditions which we will not concern us in this note. Here (x; E; ; t) = vf(x; E; ; t) is the current function f is the distribution of particles in phase space (x; v) 2 R 3 E is the energy variable (E = 1 2 mv 2 ), Q Q(x; E; ; t) is the external source term = (x; E; ; t) is the total cross-section s = s (x; E 0 ! E; 0 ! ; t);
is the scattering kernel describing the probability of scattering from a pre-collision particle energy and direction (E 0 ; 0 ) to a post collision coordinates (E; ). Below, in s , we shall replace \!" by a "," sign unless we want to indicate the explicit pre and post collision variables.
In the case of isotropic background media s depends only on 0 , rather than 0 and separately, then the total cross-section may be assumed to be independent of the direction . This case is investigated by Pomraning in 22] . Asymptotic analysis, based on Enskog type expansions is given in a pioneer work by Larsen 12] for some related mathematical studies. In all these studies, the energy dependence is explicitly included.
In anisotropic media the micro-structure causes the mean free path of the particles to become dependent on their direction of motion with respect to some xed axis. The equation which results is similar to the one-speed Boltzmann transport equation but has cross-sections which are functions of direction. In some applications, the value of this consideration is more evident when the anisotropy of the medium is caused by its atomic structure (e.g., in radiation therapy, see Jette 17] ), or method of fabrication (e.g., in semiconductor devices) rather than any physical heterogeneity. Usually for velocity dependent cross-sections the energy and directional components are not separated, see Cercignani 10] . In this study, however, we are in particular interested in the order of the, limiting, convective and di usive terms with respect to each velocity component. Here are some classical examples on the in uence of the direction dependent cross-sections, see, e.g. Duderstadt and Martin 13] and Williams 26] : (i) The particle distribution arising from a plane source emitting particles at a well de ned angle into an in nite medium. (ii) The albedo and Milne problems for a half-space solved by Weiner-Hopf technique and connected by an asymptotic method to give a full description of transmission through a thick slab. (iii) Solution of integral form of the Boltzmann equation reduced to a di usion like situation resembling the rod model of Wing, see 20] . (iv) The energy spectrum of particles slowing down from a high energy source by elastic collisions in an in nite homogeneous system.
In charged particle transport the scattering kernel s is highly forward peaked about both a zero energy transfer and a zero direction change, and the number of scattering collisions is very large. Therefore, the scattering mean free path is very small. This problem is the subject of asymptotic studies in 19]. To study this problem numerically using deterministic approaches is very much involved since a reliable algorithm in this case, requires a mesh size of order of the mean free path (i.e., very small). This implies an unrealistically ne degree of numerical resolution, see studies in 3], 4], 5], and 6]. Likewise, a stochastic (Monte-Carlo) simulation would be time consuming since a very large number of scattering interactions must be followed for each particle before it demise out of the system by either absorption or leakage, see 18] . To circumvent these di culties Chardraseckhar 11] suggested to replace the integral scattering operator in the transport equation with a di erential Fokker-Planck operator. As a consequence of this replacement, the dominant (large) in and out scattering terms cancel, thus the mean free path is substantially increased and the system is semirare ed. In this setting a concise and heuristic derivation of the Fokker-Planck operator, in isotropic media case, is given by Pomraning 22] , who has also formalized the derivation procedure as an asymptotic limit of the integral transport operator.
In this note we extend Pomraning's approach to the case of anisotropic background media. Note that in both isotropic and anisotropic background media the scattering may be referred as being anisotropic, see 21] and 27]. However, in the former case the scattering kernel is a function of only 0 , while in the latter case s would depend on and 0 , separately. The emphasis of this di erence will be more clear in Sections 4 and 5 below. In the anisotropic media the resulting asymptotic limit would contain compatible convective and di usive terms in both angle and energy variables, (with respect to the smallness parameter " and ( ; ) describing peaking of the scattering kernel in energy (") and direction ( ; ), respectively). We shall denote the scattering mean free path by the piecewise constant function where, assuming a homogenization, we transfer the (E; ) dependence to the cross-sections. We let O( ) = O( ) = O( ) = O(").
An outline of this note is as follows: in Section 2 we derive Fourier cosine moments of the anisotropic scattering kernel. In section 3 we reformulate the transport equation expanded in surface harmonics. Section 4 is devoted to a formal derivation of the Fokker-Planck operator through the higher moments expansions for isotropic media with anisotropic scattering. In Section 5 we give a general asymptotic approach for the anisotropic background media. The operators obtained in Sections 4 and 5 are \convective-di usive" in both angle and energy variables. Finally, in our concluding Section 6, we comment on the e ects of the strength of the forward peakedness of the scattering kernel.
Isotropic media anisotropic scattering
In this section we consider the scattering kernel s (x; E 0 ! E; 0 ! ; t) as a function of ( 0 ) and derive its Fourier cosine moments. The surface harmonic developments for both transport and Fokker-Planck equations, in isotropic media, are based on these moments. See 21] and 22] for the scattering functions depending linearly on ( 0 ), (referred as linearly anisotropic scattering), and 1] and 24] in some general case of higher order moments. In an scattering event the particle must possess some nal energy and angle, and we have the relationship. where we used the standard spherical coordinates viz; = ( ; ) and = cos .
Below we represent the right-hand side of (1.1), i.e. the so-called in-scattering term, as an expansion over its surface harmonic components by using the addition formula for Legendre polynomials, see 16] . In what follows, for the notational simplicity we shall omit writing the x and t dependence keeping in mind that this is for our convenience and we have no, e.g., space homogeneity assumption. 
where we have de ned q as q = 1; q = 0; 2; q 1: (2.9)
Recall that for each positive integer q; fP q g 1 =q is an orthogonal basis for L 2 (?1; 1), see Folland 14 ] Theorem 6.7. Now we multiply (2.8) by P q k ( 0 ); k q and integrate over 0 2 (?1; 1), to get
where we used (2.4). Further, multiplying (2.10) by P q k ( ) cos q and integrating over 2 (?1; 1) and 2 (0; 2 ), and using (2.4) once again, we obtain
Thus, we have for k q that sk (E 0 ; E) = 2k + 1 2
The corresponding Legendre coe cients for the linearly anisotropic scattering reads
where ! = 0 and the scattering cross-section corresponding to (2.1) is now independent of the directional variable and simply reads as follows s (x; E 0 ; t) = 2 with sn (E 0 ; E) given by (2.12).
4. Asymptotic expansion of the anisotropic scattering kernel In this section we consider higher moments expansion of the scattering kernel compared with the zeroth moment studied in 22]. Equation (3.8) forms the starting point of the Fokker-Planck development for isotropic media with anisotropic scattering. At the end of this development, using the surface harmonics expansions, we shall be able to eliminate the dominant in and out scattering terms and, with a positivity assumption on the resulting \zeroth order terms", rewrite the remaining part on the right hand side of (3.8) as a Fokker-Planck operator acting on (E; ). To this approach we assume that the particles transport in a bounded domain of the characteristic size O(1). The scattering mean free path ( ) is assumed to be small, O("), and consequently the scattering cross-section being the reciprocal of the scattering mean free path is large, i.e., s (E; ) 1. For isotropic media may assumed to be constant, whereas in anisotropic media (Section 5) we use a local average on each homogeneous part of the domain (local homogenization), again denoted by , and the (E; ) dependence is transfered to the scattering cross-section and kernel. Without such an assumption we have to deal with somewhat more involved algebraic labour, see, e. the measures for the peaking of the scattering kernel in energy and direction, respectively. In this way we have that the scattering cross-section is large, and the scattering kernel is highly peaked about E = E 0 and = 0 . We also introduce the absorption cross-section a (E; We seek the asymptotic limit of the scaled transport equation (4.6) as the smallness parameters ; " and ( ; ) tend to zero. To this approach, given a positive integer q, for n q we consider the integral To proceed, we assume that we can replace the lower limit of integration over by ?1, and that the error we make in doing this is O(" 3 ) or smaller. This is certainly legitimate if the scattering kernel falls o exponentially from its peak at = 0. However, if the kernel falls o algebraically at too weak a rate, this replacement may increase the error in the Fokker-Planck treatment over the O(" 3 ) error indicated in (4.10). The error introduced by the above replacement makes our treatment in here as an asymptotic, rather than a convergence approach. As a consequence of this replacement is that we may use, in our asymptotic derivations, the commutativity assumption (" ) p @ p @E P = @ p @E P (" ) p ; p = 1; 2: (4.12) Relation (4.12) is useful, e.g., in zero moment expansion (q 0) it yields analogue expressions for the coe cients of di erential operators in angle and energy variables (which is not the case in higher moments) leading to a uni ed operator representation. For simplicity we shall use the \formal" notation Thus inserting (4.10) in (4.8) and using the above assumption, leading to (4.12), on we may write K = " Note that the bottom limit of integration on the E 0 integrals can be replaced by zero since the scattering kernel vanishes for negative E 0 (the probability of scattering to a negative energy is zero). In the remaining of this section we do not retain the explicit cross-term derivatives. This is because the standard Fokker-Planck operator does not possess crossterm di erentiations. In a similar case Hagedorn 15] has given a full development retaining all the involved terms up to a signi cantly high order of accuracy. Now we split the right hand side of (4. Now the idea is: (i) to move in Y nk ( ) inside K E nq (E) (in front of s ) and (ii) to move out nk (E) in the remaining terms outside q n;r operators. In this way, for the \zeroth moment", (corresponding to the choice of q 0), the contribution from K 0 nq (E) will be cancelled by a principal part of s (E; ) on the left hand side. This would correspond to the cancellation of the large in and out scattering terms. Likewise the K E nq (E) term would result in a convection-di usion term in energy variable with the convection of order O("= ) and the di usion of order O(" 2 = ). These terms coincide with the corresponding terms in Pomraning's 22] treatment of the isotropic media case. In the case of general moments, (i.e. for q > 0, integer), the terms involving K 0 nq (E) and K E nq (E) would have similar behaviour as above. However, because of the presence of Y nk ( ; ) in (4.6), the contributions from the terms corresponding to K nq (E) and K nq (E) are somewhat di erent. Thus the higher moments expansion simply requires either an assumption on, or a guarantee of the positivity of a . In either case this is a strong and cumbersome condition to ful l. We skip the details and, assuming positive a , summarise the results of this section in the following q-th moment asymptotic Fokker-Planck expansion of the linear transport We emphasis that all these orderings are in the integrand, and the assumption we made in writing (4.32) through (4.35) : that the integration do not change the ordering is a severe re- It is not obvious that the integration do not change the ordering since s itself contains the smallness parameters "; and . The situation again depends upon the rate of fall-o of the scattering kernel from its peaks in energy and direction. For exponential fall-o the relations (4.32)-(4.35) are correctly ordered, but for algebraic fall-o the order of one or more of these terms may be larger than indicated. This observation again places a restriction on the scattering kernel for the Fokker-Planck di erential operator to be an asymptotic limit of the exact integral operator.
As we pointed out earlier, in the equation (4.29), the dominant part of in and out scattering term; s (E; ) (E; ) has cancelled out. " i j ; i; j; = 0; 1; 2; 3: This fall o rate is too weak and therefore the Henyey-Greenstein scattering kernel does not possess a Fokker-Plank asymptotic limit, see 22] for further discussion. Another point of concern is the vulnerability of assuming simple homogenization made by transferring the velocity dependence of the mean free path to the cross-sections. Similar assumption can lead to signi cant error in the asymptotic study of the screened Rutherford pencil beam problems, (see 23]), with hetrogeneities and the forward peaked scattering kernel de ned by s (!) := (1 + )
(1 + 2 ? !) 2 ; ! = 0 ; (6.5) where is the screening parameter. In summary: (i) A necessary but not su cient condition for equations (4.19) and (5.7) to lead to Fokker-Planck asymptotic limit of equations (3.8) and (1.1), respectively, is that the scattering kernel be peaked in both angle and energy.
(ii) The additional su cient condition is that this peaking be either exponential or strongly algebraic.
This conclusion is in common for both anisotropic media and higher moments expansion of isotropic media cases of this paper, as well as the \zeroth moment" expansion of the isotropic media case studied by Pomraning 22] .
